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Abstract. We prove global well-posedness for the Cauchy problem 
associated with the Kadomotsev-Petviashvili-Burgers equation (KPBII) 
in R 2 when the initial value belongs to the anisotropic Sobolev space 
# S1 ' S2 (R 2 ) for all Si > -§ and s 2 > 0. On the other hand, we prove m 
some sense that our result is sharp. 

1. Introduction 

We shall study the initial value problem of the Kadomtsev-Petviashvili- 
Burgers (KPBII) in M 2 : 

(d t u + u xxx - u xx + uu x ) x + Uyy = 0, 



XI) 



This equation is a dissipative version of the Kadomtsev-Petviashvili-II equa- 
tion (KPII) : 



(1.2) 



(8 t U + U XXX + UU X ) X + Uyy = 0, 

u(0,x,y) = tp{x,y). 



The (KP) equation is a universal model for nearly one directional weakly 
nonlinear dispersive waves with weak transverse effects. It is a natural two 
dimensional extension of the celebrated (KdV) equation : 

ut + u xxx + uu x = 0. 

In some typical situations, it is not possible to neglect dissipative effects (due 
to viscosity effects in magneto sonic waves damped by electron-ion collisions 
for example), and this can lead to the KdV-Burgers equation (cf. [13J) : 

dtu + u xxx + uu x — u xx = 0. 

It is then widely accepted that the (KPB) equation is a natural model for 
the propagation of the two dimensional damped waves. Note that as we are 
interested in nearly one directional propagation, the dissipative term only 
acts in the main direction of propagation in Ijl.ljl . 

Bourgain had developped a new method, clarified by Ginibre in p], for 
the study of Cauchy problem associated with dispersive non-linear equa- 
tions. This method was successfully applied to Schrodinger, (KdV) as well 
as (KPII) equations. It was shown by Molinet-Ribaud [llij that the Bourgain 
spaces can be used to study the Cauchy problems associated to semi-linear 
equations with a linear part containing both dispersive and dissipative terms 
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(and consequently this applies to (KPB) equations). 

For the Cauchy problem associated to (KPII) equation, the local existence is 
proved by Bourgain j2] when the initial value is in the space L 2 (M?) and by 
Takaoka-Tzvetkov pi] when the initial value <p G H Sl ' S2 (M. 2 ) with s\ > -| 
and S2 > 0. 

By introducing a Bourgain space associated to the usual (KPII) equation 
(related only to the dispersive part of the linear symbol of Ijl-ip ). Molinet- 
Ribaud ^H] had proved global existence for the Cauchy problem associated 
to the (KPBII) equation when the initial value is in L 2 (M 2 ). 
In this paper, we prove local existence for (|l.ip with initial value ip 6 
H S1 ' S2 (R 2 ) when s\ > -\ and s 2 > 0. Following [H], we introduce a 
Bourgain space associated to the (KPBII) equation. This space is in fact 
the intersection of the space introduced in [2] and of a Sobolev space. The 
advantage of this space is that it contains both the dissipative and dispersive 
parts of the linear symbol of 1)1. lj) . 

We prove also that our local existence theorem is optimal by construct- 
ing a counter example showing that the application if i— > u from H Sl,S2 to 
C([0,T];H Sl > S2 ) can not be regular for si < -± and s 2 = 0. 
The paper is organized as follows. In Section we introduce our notations 
and we give an extension of the semi-group of the (KPBII) equation by a 
linear operator defined on all the real axis. In Section 03 we derive linear 
estimates and some smoothing properties for the operator L defined by (|3,7|) 
in the Bourgain spaces . In Section 0] we state Strichartz type estimates for 
the (KP) equation which yield bilinear estimates in Sectional In Sectional 
using bilinear estimates, a standard fixed point argument and some smooth- 
ing properties, we prove uniqueness and global existence of the solution of 
1)1.1)1 in anisotropic sobolev space H Sl ' S2 (R 2 ) with si > -\ and s 2 > 0. 
Finally, we construct in Section a sequence of initial values which ensures 
that our local existence result is optimal if one requires the smoothness of 
the flow-map. Note that there is no scaling for 1)1.1)1 and that, on the other 
hand, H~ 1 / 2,0 is critical for the scaling of (| 1 - 2|) - 



2. Notations and main results 

We will use C to denote various time independent constants, usually de- 
pending only upon s. In case a constant depends upon other quantities, we 
will try to make it explicit. We use A < B to denote an estimate of the 
form A < CB. similarly, we will write A ~ B to mean A < B and B < A. 
We writre (•) := (1 + | • I 2 ) 1 / 2 ~ 1 + | • |. The notation a + denotes a + e for 
an arbitrarily small e. Similarly a— denotes a — e. For b £ M, we denote 
respectively by H b (R) and H b (W) the nonhomogeneous and homogeneous 
Sobolev spaces which are endowed with the following norms : 

(2.1) \\u\\ 2 Hb = [ (r) 2b \u(r)\ 2 dT, \\u\\% b = [ \r\ 2b \u{r)\ 2 dr 

where denotes the Fourier transform from 5'(1R 2 ) to 5'(1R 2 ) which is defined 
by: 

/(£):= Hf)(£)= / e^f(X)d\, V/G5'(K 2 ). 
Jr 2 
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Moreover, we introduce the corresponding space (resp space-time) Sobolev 
spaces H Sl ' S2 (resp H b,Sl ' S2 ) which are defined by : 

(2.2) H Sl ' S2 (R 2 ) =: {u G S'(R 2 ); ||u||h«i,-2 (M 2 ) < +00}, 



(2.3) H b ' Sl ' S2 {R 2 ) =: {u G S' {M 3 ); ||u|| h m 1iS2 (R 3 ) < +00} 
where, 

(2.4) NlW 2 = / (0 2Sl (r/) 2S2 |^M| 2 ^, 



(2.5) \W\\ 2 Hi , su32 = / (r) 6 (0 2Sl (^) 2S2 |^(r^)| 2 ^, 

and v = (£,77). Let U(-) be the unitary group in H S1 ' S2 , si, S2 G R, defining 
the free evolution of the (KP-II) equation, which is given by 

(2.6) U{t) = exp(itP(D x ,D y )), 

where P(D x ,D y ) is the Fourier multiplier with symbol P(£,rf) = £ 3 — rj 2 /^. 
By the Fourier transform, l|2.6p can be written like : 

(2.7) F x (U(t)(/)) = exp(itP{£,r t ))$, V0eS'(M 2 ), tel. 

Also, by the Fourier transform, the linear part of the equation 11.11 can be 
written as : 

(2.8) i(r -e~ V 2 /0 + e =■ Or - P(v, 0)+?- 

This leads us, as in to introduce a Bourgain space which is in relation 
with both the dissipative and dispersive parts of (|1.1|) at the same time, we 
define this space by 

(2.9) x b ' Sl ' S2 ={«£ S'(R 3 ), \\u\\ X b, ai , S2 < 00} 
equipped with the norm 

(2.10) Nix*™ = \\(iv + Z 2 ) b (0 Sl (v) S2 w(T,v)\\L 2 m 

where, 

a = T-P{v), zy=(e,r ? )GM 2 . 

Remark 2.1. It is worth noticing that X bySl,S2 is the intersection of the 
Bourgain space associated with the dispersive part of equation and 
Sobolev space. Indeed, by noticing that J r {U{—t)u){r,i') = ^(u)^ + P(u), v) 
and by the change of variable r — > r — P{y), one sees that 

\M\x>,'li = \\(iT + e)\0 Sl (ri) S2 w(T + P(v),v)\\Ll v m 

*2\6 



= \\(ir + e) b (0 S Hv) 32 HU(-t)u)(r,y)\\ Lh 

~ \\(T) b (0 Sl (v) S2 Hu(-t)u)(T,v)\\ Ll 

+ \(O sl+2b (v) S2 Hu(-t)u)(r,u)\\ L , 

= \\U(—t)u\\ H b,s 1} s 2 + \\u\\ L 2 Hai +2b,s 



□ 
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For T > 0, we define the restricted spaces X"/ 1 ' 82 by the norm 
(2.11) ||w|| x b,s 1: s 2 = inf {\\w\\ X b,s 1 ,s 2 ]w(t) = u(t) on [0,T]}. 

We denote by W(-) the semigroup associated with the free evolution of (| 1 . 1 p . 



(2.12) T x {W{t)(j)) = exp(i£P(f , r]) - \£\ 2 t)0, Mcp £ S (M 2 ), t > 0. 

Also, we can extend W to a linear operator defined on the whole real axis 
by setting, 

(2.13) F x {W{t)4)) = exp(itP(C,v) ~ l£| 2 |*l)<^ V^gS'QR 2 ), (el. 
By the Duhamel integral formulation, the equation II .11 can be written, 

1 r* 

(2.14) u(t) = W(t)<t>- - W{t-t')d x {u 2 {t'))dt' ', t>0. 

2 Jo 

To prove the local existence result, we will apply a fixed point argument to 
a truncated version of (|2. 14|l , which is defined on all the real axis by 

(2.15) u{t) = miW(t)c/> - f W(t - t')d x ^ 2 T (t')u 2 {t'))dt% 

1 Jo 

where t £ M. and ip indicates a time cutoff fonction : 

(2.16) ip £ Co°(M), sup V C [-2, 2], ip = 1 on [-1, 1], 
and Vt(0 = H-/T). 

Remark 2.2. It is clear that if u solves K2. then u is a solution of \2.11$ 
on [0, T], T < 1. Thus it is sufficient to solve H 6 2.1,ty for a small time (T < 1 
is enough). 

Let us now state our results: 

Theorem 2.1. Let si > -1/2, s 2 > 0, si £] - 1/2, min(0, si)] and cp £ 
H Sl,S2 . Then for si > s^ there exists a time T = T(||0|| i_ ) > and a 
unique solution u of \1. 1\) in 



(2.17) Y T = C([0,T];H Sl ' S2 )nX^ 



l/2,si,s 2 



oc 



Moreover, u £ C(R + ; H S1 ' S2 ) n C(R* + ; H°°' S2 ) and the map <f> \ — ► u is C 
from H S1 ' S2 to Y T . ' □ 

Theorem 2.2. Let s < —1/2. Then it does not exist a time T > such that 
the equation hi. 1\) admits a unique solution in C([0, T[, H s >°) for any initial 
data in some ball of H S '°(M?) centered at the origin and such that the map 

(2.18) <f>\ — >u 

is C 2 -differentiable at the origin from H s '° to C([0, T],H S '°). □ 
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3. Linear estimates in X b > sl ' S2 

In this section we study both the free and the forcing terms of the integral 
equation 1|2.15|) to obtain certain estimates necessary to apply a fixed point 
argument. The results of this section are essentially contained in |l()j.The 
following lemma will be of constant use in this section : 

Lemma 3.1. let b G R and A > 0. Then 

(3.1) ll/(At)||^ = (A- 1 / 2 + A b - 1 /2)|| /(t )|| H6 , 

(3-2) \\fm\fr = *- 1/2 \\f<t)\\&- 

□ 

Proposition 3.2. Let s\, s 2 G K and < b < 1/2. For all f G H Sl > S2 we 
have, 

(3.3) \mw(m\ xb ^,s 2 <cm\ H s 1+ 2 b -,,s 2 

□ 

Proof. By definition of W(-) and X bySl,S2 , and Using the change of vari- 
able t i — > a := r — P{v) we have, 

u(mm\ x ^ = \\(^+e)\o s Hv) S2 ^(me- m2 e up ^)(r)\\^ 

= \^r + e) b (0 Sl (ri) S2 ^(me- m2 )(r)\\ L 2 

(3-4) + IK0 Sl ^) S2 |l(r)^Wt)e-^ 2 )(r)|| i? || L , 

For £ fixed, let < 6 < 1/2, we pose G e (r) = (t)^^^'^)^). we 
notice, that as in we have the following estimate : 

(3.5) ||G e || L 2(R) < C(0 2b ~\ V0<6<l/2 

By combining these two last inequalities, one obtains the requiered result. 

□ 

Now, for £ fixed, we introduce the following time-Sobolev space : 

(3.6) Y b = {ue S'(R 3 );\\u\\ Yi =: ||(»r + £ 2 ) 6 n(r)| | i?(R) < oo}. 

In order to obtain certain estimates in X bySlyS2 for the following operator 

(3.7) L : / .— » X R + (t)m f W(t - t')f(t')dt' 

Jo 

we shall study in Yj? the following linear operator : 

(3.8) K : f i — ► ip(t) f e-^'^f^dt' 

Jo 

Proposition 3.3. Let £ G R fixed and f G S(R 3 ), < 5 < 1/2. One 
considers the operator 

(3.9) t .— ► K^t) = ip{t) f e-^'^ f{t')dt'. 

Jo 
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Then we have the following estimate : 

(3-10) ||^(t)|| 1/a <C(0- 2<5 ||/|| y -i/ 2+ . 



Proof. A simple calculation in (TQj gives, 

Jtr _ P -\t\e 



□ 



e — e 

IT + Z, 

We can break up K% in .fQ = -fT^o + K\ <00 + K2 t o + -^2,00, where 
I\t\<i iT + ^ 2 '' v/ ~"' "' l,uu r v "' J| T |>! ir + £ 



(3.11) = / ~ , c2 f(r)dr. 



Contribution of ^1,0- In this case, while using the asymptotic expansion, we 
have, 

(3.12) K l>0 = iP(t)Y, [ 

it results that 



\r\<l iT + Z 



n>\ 



{IT 



n>l 

(3-13) x / ^L_|/( T )| dT) 

Using the inequality H^V'WII.H" 6 ^ C n f° r b e {0, 1/2}, n > 1, together with 
the Cauchy-Schwarz inequality, we obtain 

11*1,011^ < c(i + mf r%s d -) 1/2 (f dT f' 2 

Y t J\r\<\W + i) J\t\<i F + rr 



2 



Finally, since for < 5 < 1/2 we have (ir + £ 2 ) > (it + £ 2 > 1 ~ 25 (0 4<5 , i* 
results that 



H<i 



(3-15) < C(0- 2a |ui| v -i/ 2+ .. 
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Contribution of ^2,00- We note that, 

\\{iT + e) l/2 MK2,oo)\\L* m < \\(ir + e)W(t)e- e 
(3.16) x(/ J/MLd T ), 



H>i <ir + C 2 > 
Using the inequality (|3.5|) . get now that, 

(3.17) IKiT + a^^W^ 2 !*!)!!^^) <c, 

therefore, by the Cauchy Schwarz inequality we obtain, 

ll^ 2 ,ooii yl / 2 <c (/ j^rkdr) 

*€ 7|r|>l(»T + s) 

For |£| > 1, the following change of variable r 1 — > r^ 2 , give 

£C ( /,(^f- <iT)1/2 « r2 V,M^ <i '- ),/2 

(3-19) < C7(0- 25 ||/|| y -i/ 2+ , 



since we have / , , „ , nr dr < 00 



/ r u+2<5 

In the other case when |£| < 1 it follows (0~ 25 ~ 1 • Therefore 

"^V 5 < ^ 2 V,(^W-' iT)I/2< /.M^' i),/2 

(3-20) < <0- M ||/ll y -W 

Contribution of i^2,o- We note that, 

(3.21) '~ 

\\K 2 , \\ Yl/2 < \\{ir + e) ll2 mm-e- e ^)){r)\\ Ll [ T^Ldr. 
Y t J\t\<1 K + £ I 

Case 1: |£| > 1. Using the inequality l|3.5|l in the proof of Propositon 13.21 we 
obtain, 

/ =: \\(iT+e) l/2 mm-e- e ^)){T)\\ Ll 

< Um - e-^)(r)\\ H y, + <0||W(t)(l " ^)){r)\\ L% 

(3.22) < C(1 + (0)<C(0, 
therefore, 

(3.23) ll^2,o|| y i/ 2 <C(0 [ tJ^Ut, 

€ J\t\<1 \ lT + 4 1 
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now, we apply the Cauchy Schwarz inequality to obtain, 



(3.24) < CK)- 2S l\f\\ Y - VM 



Case 2 : |£| < 1. In this case we note that, 



I < \\m(l - <r e ^)(r)\\ H m + «>II^W*)(1 - e-« 2|,| ))(T)|| a 



1-1/2 

n>l 

\2n 



n>l ' n>l V 



Substituting this inequality in H3.21|) . then as in Case 1, we obtain using 
Cauchy Schwarz inequality , 



ll#2, || y i/2 < c\t\\tr\l T^rk^) 1 ' 2 



(3.26) < C(0 



-26 



-1/2+6 



Contribution of Ki <00 . By the identity T{u * v) = uv and the triangle in- 
equality (it + £ 2 ) < (ti) + \i(r — ti) + £ 2 |, we see that 



||^i,oo|| y i/ 2 = \\(vr + £ 2 ) 1/2 fe) ^ ( , ■ /( l 1 L| X { |nl>i})l(^)IU2 



(3.27) 



\firi)\ 
ir\ - 

l/(n)| 



< II l(n) x/ V(n)l*( I,,! 1 , 2 | X{|ni>i>)MllL? 



+ H l^ Tl )l*( | iri+ g2|l/ 2 X{|n|>l})(^)ll^- 
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Due to the convolution inequality ||u*f||^2 < IMIli IMIl 2 , we obtain, 

||#l,ao|U/ 2 < H(r)^(t)||Li||^Lx {M >l}llL ? 



s 



+ 



l/V) 



T^X{M>i}IIl? 



< rn v I, 

- C H( ir + ^2)l/2^{l-l>l}ll^ 

< c(a)- 2s \\(iT+e)- i/2+5 f{T)\\ 



(3.28) < aty 



2(5 1 



-1/2+5. 



e 



This completes the proof of the Proposition. □ 

Now, by use of Proposition \\\.\\\ we prove some smoothing properties in the 
Bourgain spaces for the operator L defined by (|H.7|) . 

Proposition 3.4. Let < 5 < 1/2, s\ and S2 G R, there exists C = C(5) > 

such that, for all f G x- l / 2+5 ^- 2S ^ , we have 

(3.29) 

M =: ||XR+(W) / W(t - t')f{t')dt'\\ xl/2 , 8l , 82 < C 5 ||/|| x - 1/2+ ^ 1 - M , S2 

□ 



o 



Proof. By definition of X 1//2 ' Sl ' S2 , we see that M is equal to 
(3.30) 

||(0 Sl ^) S2 (i(T-^))+C 2 ) 1/2 ^(XR + (i)^(t) /V(t-0/(0^)(r^)||L? 



we note that 



/ W(t-t')f(t')dt)(n 
Jo 



Jo 

= Ft( X R + m(t) ['e-^'^e-^^'^iU^fit'^^dt'Xr) 
Jo 

= Ft(XM + m(t) t e- lt - t,ie e- it,p{u)t 'Mf)(t',u)dt'){r- P(u)), 
Jo 

then by the change of variable r i — > r — P(v), we obtain 

M = ||<0 s W 2 ^(» + (W) re- | '-'' l « 2 e- l ^'^ (/)(t>) ^)|| L?(yl/2) 



(3.31) 



\\(0 Sl (v) S2 Ft(XR + m(t) I e-^ 2 T u (U(-t')f)(t',u)dt')\\ LUY ^ y 
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now, let us set w(t, v) = !F v (JJ{—t')f){r,v). To apply the Proposition 13. 3( 
we need firstly to suppose that / G 5(R 3 ). It is clear that w G 5(IR 3 ) and 
we take 

(3.32) K r .f^ ^(t) / e^'^wit^dt, 

Jo 

therefore, 

m = ||(0 sl ^) S2 ^(xM + W^(t))ll L , (y v 2) 
(3-33) < \m s Hn) S2 \\x^ + {t)K^t)\\ Hl/2 \\ Li 

(3-34) M\(0 Sl+ \v) S2 \\XRAt)m)\\L>M- 

Since i^(0) = 0, then we have | \xTSL + (t)K^(t)\\ m < \\K^(t)\\ H i and \\ X R + (t)K^t)\\ L 2 < 
ll-^WIU 2 ; by noting that ||/i||l2 = ||/i||^o, it results by interpolation be- 
tween H° and H 1 that 

(3-35) ||xR + (t)^(t)|| H i/ 2 < ||lQ(t)|| H i/ 3 . 

It results that 

m < ||(O s M^) s 1l^(i)IUi/ 2 ||^ + IKO Sl+1 ^) S2 II^WIlL ? llLg 

(3.36) < C||(0 Sl ^) S2 ^(^(i))ll L?(y v 2) , 
now, we can apply the Proposition 13.31 to obtain, 

m < c\\(O sl (v) S2 \H\ Y -^ + s(0- 25 \\Li 

= ciKO^^^^IKir + c 2 )- 1 ^^))!!^!!^ 

= C\\(O s ^ 2 \v) S2 (ir + e)- 1/2+6 ^AU(-t)f(r^ML^ 

(3.37) = C\\(O s ^ 2 Hv) s HiT + e)- 1/2+5 f(T + P(v),v)\\ Llv , 

finally, by the change of variable r i — > r — P{v) we can deduce that 
M < C\\f\\ x -i/2+s,s 1 -M,. a , this for any / G S(R 3 ). The result for / G 
x -i/2+5 )S1 -2a, S2 foll ows by density. □ 

Proposition 3.5. Let si, s 2 G E and < <5 < 1/2. For all f G x^ 1 / 2 ^ 1 - 25 ' 82 
we /lave 



(3.38) 



L:ii — ► f W(t-t')f(t')dt' GC(R + ,H S1 ' S2 ) 
Jo 



moreover, if (/„,) is a sequence with f n — > in X V 2 +*> s i 2S > s2 if n 
oo, then 



(3.39) || / W{t-t')f n {t')dt'\ 



L°°(R + ,H s i' 3 2) > U 

□ 



L(t) 
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Proof. By Pubini theorem, and by the definition of W{.) we have, 

^\e-\ t - t '\t\^- t '^F v {f{t')))dt' 

e i { ^y)) e u P{ u) f* ^-^^([/(-^(OX^' 
2 Jo 

(3.40) = [/(^^[^e-l*-*^ 2 ^)^^,.))^)^ 

where g(t, v) = (U(—t)f(t))(u). As noticed in [H] since £/(■) is a strongly con- 
tinuous unitary group inL 2 (M 2 ), it is enough to prove that 1 1 — ► £/ (—t)L(t) £ 
_,i^ sl ' S2 ), then it is equivalent to show that, 



(3.41) F ..t^(tr(v} S2 / e^-^V^^i',.))^' 

JO 

is continuous from R + i — ► L 2 (M 2 ), for / G A^ 1 / 2 ^' 51 - 25 '* 2 , < 8 < 1/2. 
Note that by the Fubini theorem we have, 

Jo 

= (0 Sl (v) S2 e~ m2 [ g(r,u) f e^+^'dt'dr 

JR JO 



(3.42) = (0 S1 (V) S2 / 9(r,u) 

Jr 

one fixes ti, t 2 € R+, then, 

F(t!)-F(t 2 ) = (0 S1 (^) S2 



3 **r _ e -|5l 2 * 

ir + £ 2 



dr. 



(e itlT - e it2T ) 



2 ) 



(3.43) 



=: (0 S HV) S2 / J tl|ta (r)dr. 



We deal first with the case |£| > 1. Using Cauchy Schwarz inequality we 
obtain, 



\F(h) - F{t 2 )\ < 4(0 S1 (V) 



(3.44) < m s Hv) 



»2 



*2 



[T,V 



-dr 



( T.l')\- , \l/2/ f (iT + £ 2 ) 



dr 



2\l-2<5 



212 



-dr 



Since in this case we have \ir + £ 2 | ~ {it + £ 2 ), by the change of variable 
: r i — > r£ 2 it results, 



\F( tl )-F(t 2 )\ < C{0 S1 {V) 



«2 



U T _|_ £2\l-2<5"" J l^l \ / ,',.\ I -1-2,1' 

(3.45) < C{0 sl - 2S {v) S2 \\{ir + e)- 1/2+S 9{-^)\\^ 



dr 
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In the other case when |£| < 1, we assume that \t\ —t%\ is small enough. We 
can write \F(t\) — Ffa)] < Ii + h, where 

g(.T, v) 



(3.46) 



(3.47) 



h=: (H) S HV) 



«2 



ir + £ 2 



it\T it2T~ 



dr 



[e-^-e~^]dr 



IT + £ 2 

Now, we start to estimate I\. By Cauchy Schwarz inequality, we see that 



h =■■ (0 a Hv) S2 [\h-h\ 



M<1 



g(r, v) 



it + i 1 



dT + 2 



M>1 



g(r,v) 



it + i z 



dr] 



\t\ 2 (it + £ 



2\ 1-2(5 



(3.48 



M<1 
1/2 



212 



\l/2 



H>i + r 



fir 



Since for |£| < 1, we have (ir + ^ 2 ) 1-25 ~ (r) 1_2<5 . Using this approximation 
in the first integral of 1|3.48|) together with the change of variable : r i — > r£ 2 
in the second one, we obtain 

h < C(O s Hv) S2 \\(iT + e)- 1/2+s g(.,v)\\Li(([ (r) 1 " 25 ^) 1 / 2 

v J\t\<1 

+( X i m tt25 ' 

(3.49) < c(O s Hv) S2 \\(iT + e)- 1/2+5 g(-,v)\\Li 

Note that in this case (£) _2<5 ~ 1, therefore 

(3.50) /i<C(0* 1 - 2 *(r/)' 3 ||(ir + ^)- 1 /2+^(.^)|| £? 

Now, we pass to estimate I2. By Cauchy Schwarz inequality it results that, 
(3.51) 

( ir + £2U-25 



i2<c(o s "(vrm 2 wr+er l/2+5 g{,u)\\ L 2( 

(iT+ey- 2S 



Since we have, 

(iT+ey- 25 



\lT + £ 



212 



dr 



(3.52) 
then, 



l\r\<i l^ + C 2 l 2 

< c7(ier 4 + ier 45 ) 



dr + 



\lT + £ 2 | 2 

( ir + g2 \l-M 
|r[>l |*r + ^ 



212 



dr 



/ a < c(o si ^) S2 ier(iei^ + ier 25 )ii(^+e 2 )- i/2+d K-^)iiL ? 

(3.53) < C(0 sl - 25 (7 7 ) S2 ||(ir + £ 2 )- 1 / 2 +^(-^)||L ? 
finally, gathering (|3.45|) . (|3.5()|l . (|3.53|l . one infers that 

\\F(h) - F(t 2 )\\ L2T < cmr- 25 (r]) s2 (ir+e)- i/2+5 g(.^)\\ Ll 

(3.54) = C\\f\\ X -l/2+S,s 1 -2S, a2 . 



j2\ -1/2+5; 
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It is clear that the integrand in (|3,43p tends to pointwise in (r, v) as soon 
as \t\ — *2 1 ~~ ► and is bounded uniformly in \t\ — t 2 \ by the right member 
of (|3,54p . the result follows then from Lebesgue dominated convergence 
theorem. 

To show (|3.39p it suffices to notice that one has 

SUP \\F n (t)\\ L 2( R 2) < C||/ n || x _l/2+i, sl -2i, 32 

where F n is defined as F with g n (.) = Fv(U(—t)f n (t)) instead of g. This 
completes the proof. □ 



4. Strichartz and multilinear estimates for the KP-EQUATION 

The goal in this section is to prepare certain Strichartz and multilinear 
estimates by using result derived by Molinet-Ribaut in ^H] and Saut in ^3] 
This type of estimates is necessary to treat in the next section the nonlinear 
term d(u 2 ) in X bySlyS2 . The following lemma is prepared by Molinet-Ribaud 

in ma. 

Lemma 4.1. Let v £ L 2 (M 2 ) whith suppv C {(i, x,y) : \t\ < T} and let 
e > , <5(r) = 1 - 2/r. Then for all (r, p, 9) with 

a 

(4.1) 2 < r < oo, 0</3< 1/2, < 5{r) < 



1-/3/3 

there exists /j, = //(e) > such that 

(4.2) iiJ^7i(ier^<^-^(^)>^ (1+e) i^(^,^)i)iix?- < c^ii^n^ 

where q is defined by 

(4.3) 2/q = (l-(3/3)8(r) + (l-e) 



Now, we will use Lemma l4~T1 to derive a first multilinear estimate. 



□ 



Lemma 4.2. let u, v with compact support in {(x, y, t) : \t\ < T}. For b > 
small enough, there exists n > such that 

U {cy) l ' 2 ~ b \ii\ h / A {a l ) b {a 2 )^ 
(4-4) <CT»\\u\\ L .J\v\\ L iJ\w\\ Llx 

where a, o\ and a 2 are defined by 

(4.5) a = r-P(u), at =r 1 -P{y 1 ), a 2 = r - n - P(y - v%) 



□ 



Proof. By the Plancherel Theorem we see that 

f ^ 1 / \w(t, i>)L _ i, \u(t,u)\ \v(t,v)\ s , . , , 

(4-6) I = / m4 ^(^17^)^(^71 * 7^1/)^ 
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by using the fact that !Ff x (h* f) = !F^ x (h) * ^ (/) then by applying 
Holder inequality in space and next in time we obtain that I is bounded by 
the product of the three terms 

(A7\ n-r~ir H r ' ^L i ii^-i/ Wt,v)\ . . lf \v(r, V)\ 

(4-7) \\F t - x ( {(j)1/2 _ b )\\L^ I \Ft, x ^^b^b/A^P m,x ( (cj) i/ 2 )Hl? 3 / 3 
where 

3 3 

(4.8) ^1/4 = 1, EVn = l. 

i=l i=l 

Our goal now is to estimate the three terms of (|4.7|) by using Lemma 14.11 
Let 6 small enough we take first t\ = e 2 = £3 = e, where e = e(6) will be a 
small paremetr. Also we choose 

( 4 . 9) ft = 1Z» ft = » ft 1 



1 + e' 1 + e' 1+e 

we choose Pi = (3s = 0. From EOj it remains to find 02, q% and ri with 
(4.10) 

- = 5(r 1 ) + (l-0 1 ), A = J( r2 ) + (l-0 2 )-M^2, A = 5(r 3 ) + (l-# 3 ), 

(4.11) &<5(r 2 ) = | 

such that 1)4.1(1 remains valid for i = 1,2,3. It is simple to check that 

3 3 3 3 2 

5^2/ ft = 2, ^(r,) = 3-2^1/r 4 = 1, ^0; = — . Hence, 

i=l i=l i=l i=l 

adding the three equations in (|4.1()|1 . we see that necessarily, ^2/^ = 
8(H) + 3 — Qi ~ ^4p^ . By the relation in H4.11|) This relation is equiv- 
alent 2 = 4— ^ — § i.e. 

(4.12) _!_ = A 
v ; 1 + e 12 

Therefore , for 6 small enough, it is clear that e = e(b) = + . Now, we 
choose (ri,T2,rs) = ( j4^)- It is simple to see that ^V r « = 1 
(5(ri),*(r2),*(r 3 )) = (1/2-6/2,6,1/2-6/2) and the relations of (P~TTT1) can 
be written 
(4.13) 

2/ qi = 1/2-6/2+i^, 2/g 2 = 6+l--^—^, 2/93 = 1/2-6/2+-^-. 

1+e 1+eb 1+e 

6 

12-6 



Now, by using the relation 1|4.12|) . it results that e = t^t and we see, 



195 _ 26 2 

(4.14) 2/qi = 1/2 -6/2 + 6/12 + 26(1 -6/12) = 1/2 + 



(4.15) 2/g 2 = 1 - 56/6 - 26(1 - 6/12) = 1 + 



12 

-76 + b 2 



6 



(4.16) 



2/q 3 = 1/2 - 6/2 + 6/12 = 1/2 - 56/12. 
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therefore by the relations (|4,14p . I|4.15|) . (|4. . it is clear for 6 small enough 

that (2/91,2/92,2/93) = (i + ,l",n i.e. (91,92,93) = (4-, 2+ 4+) and by 
construction we have ^ l/9i = 1- It remains be checked that H4.1|) is valid for 
our parameter. Indeed, by definition of 6>j in (|4.9|1 it is clear that < 61 < 1 
for i = 1,2,3. Since (5(r2),02) = (d, ^) we see that 
(4.17) 

< 02 = ttft r = L < 5(r 2 ) = 6 < 26(1-6/12) = JL = 6 2 < -\- 
2d(r 2 ) 2 1 + e l-p/3 

Moreover, since we have the equality (5(n), S(r2)) = (5 ,5 ) and (#i,#2) = 
(3x7, jxj) ,it is simple to see for i = 1, 2 that, 

(4.18) < A < 1/2, < 5(r,) < 6>» < 



1 - ft/3 

By combining the equations (|4.17|1 and (|4. 18|l , we have (|4.1|) and now we can 
apply Lemma l4~T1 to obtain 



(4-21) II^H^^)ll LtT 3<C|H|^ 

This completes the proof. □ 



Lemma 4.3. Letu, v £ L 2 (]R 3 ) tmi/i compact support in {(x,y,t) : \t\ < T}. 
For 6 > and c > small enough there exists fi > smc/i i/iaf 

6(71, n)||0(r -n,u- u^Wwir, ^ dTdTidudvi 



^1/2^+0 {a2 y/2-b 
(4.22) < CT^\\u\\ L 2 x \\v\\ L 2 J\\w\\ L 2 



where a , o\ and a 2 are defined by 

(4.23) a = T-P{v), ai=n-P(v 1 ), a 2 = r -n- P{v -vi) 

□ 

Proof. By Plancherel theorem and by Holder inequatliy in space and 
time we see that the right hand side of (|4.22|l is bounded by 

(4-24) 1 1 ( ^ 1/2 |£| 36+c ) 1 1 L |i/i | |-F t , x ( ) 1 1 Lfp \\ w Wl\ v 

provided 

(4.25) 1/n + l/r 2 = 1/2, 1/ Ql + I/92 = 1/2 



1 + e' " 1 -w 

2 
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To apply Lemma l4~Tl to each of the first two terms in 1|4.24|) . for 6 and c small 
enough we take e\ = e 2 = e, where e = e(6, c) We set, 

1 „ 1-26 

(4.26) 

we choose /3 2 = and /3± such that f3lS ^ = 35 — c . Prom l|4.3|l . it remains 
to find /3i, qi and rj with 

(4.27) - = J(n) + (1 - 0i) - ^p^-, - = 6(r 2 ) + (1 - 8 2 ) 

qi 3 g 2 

2 

such that (|4.1|) remains valid for i = 1,2. It is simple to see that 2/% = 1, 

i=i 

2 3 2 — 2b 

5(rj) = 1 and 0j = — . Hence, adding the two equations of (|4.27jl . 

1=1 8=1 ^ 6 

we see that necessarily, 1 = 1 + (2 — ^q^r) — 6 3 2c , This relation is equivalent 

3~36~2c _ 1^6 

3 l+£ 

(4.28) 



i.e. 



3 - 36 - c 

Therefore, for 6 and c small enough, it is clear that e = e(6, c) = + . Now 
we choose (ri,r 2 ) = (4,4) It follows that X^V r i = 1 an d (S(ri), 6(7-2)) = 
(1/2, 1/2) and the relations of (|4,1()|) can be written 

e 66 + 2c . . 26 + e 

(4.29) 2/gi = l/2 + — — , 2/g 2 = l/2 + TT -. 

From SFM . we get that (2/ qi ,2/q 2 ) = ,\ + ) i.e. (qi,q 2 ,) = (4+,4") 
and by construction we have X) V<7i = V^- Moreover l|4.ip is valid for our 
parameter. Indeed, for 6 and c small we have that 

(9i,e 2 ) = (I" I"), ft = = 126 + 4c = 0+ < 1/2 

and 

5(r , ) ~i/2<i- = e ,< r A ;7§ 

Now we apply Lemma l4~Tl to give un suitable bound for each of the first two 
terms in (|4.24|l This ends the proof of Lemma EOl □ 

Lemma 4.4. Let 2 < q < 4 and u G L 2 (M 2 ) compact support in 

{(x,y,t) : \t\ < T}. For e > and b = (1 - 2/g)(i±^), i/iere amfs /i = 
/x(e) > smc/i i/iai 



(4.30) ^^((^-^(r,!,)!)!!^^^! 



□ 



Proof. For any (j) G L 2 (M 2 ) the Strichartz inequality in |14j (see Propo- 
sition 2.3) yields 

(4-31) \\um\ L t v <M\Li 
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where 

TtAU(t)4>) = exp(it(f + n\))fc, rj), n = ±1, 
using H4.31|) together with Lemma 3.3 of (Sj, we see for all e > that 

(4.32) IKr.iOII^ < C\\{o) 1 I^u{t,v)\\ l1v . 

Since we have ||it||i,2 = ||u||xo,o,o, therefore by interpolation between 
(Lf v , X 1 / 2 "*" 6 / 4 ' ' ) and (L 2 ^X°'°'°), for < Q < 1, we obtain 

(4.33) \Hr,u)\\ Llu < C\\{o) e W + ^u{r lV )\\ Llv 
Where 

(4.34) 2 /q = e/A+^- 

Next, using the assumption on the support of u and the results in jH], we get 
that there exists \i = //(e) such that 



(4.35) IKt,z/)|| l « < CT^\\(a) e ^ 2+e ^u(T 



t,V ii.. s - '^t,V 



from (|4,34p . the desired result is deduced. □ 
Using Lemma POl together whith the Proof of Lemma 2.2 of ^HJ; we obtain 
the following Lemma. 

Lemma 4.5. Let u, v, w G L 2 (M 3 ) compact support in {(x,y,t) : \t\ < 
T} and a, j3, 7 G [0, 1/2 + e] . For any e > i/tere msis /i = /i(e) > such 
that 

\u(ti,vi)\\v(t-ti,u-ui)\\w(t,u)\ 

( 4 -36) < Cr^||n|| i2 J\v\\ L 2 J\w\\ L 2 x , 

proven for a + /3 + 7>l + 2e. □ 

5. Bilinear estimates 

In this section we will prepare certain bilinear estimates on d x (uv) in the 
Bourgain space X bySl,S2 . These bilinear estimates will be the main tools in 
the next section to apply a fixed point argument which will give the local 
existence result. 

Proposition 5.1. Let 5 > small enough, s 2 > and s\ G + 85,0]. For 
allu, v G X l l 2,Sl,S2 whith compact support in time and included in the subset 
{(t,x,y) : t G [— T, T]}, there exists n > such that the following bilinear 
estimate holds 

(5.1) \\d x (uv)\\ x ~l/2+6,s 1 -2S+ t ,s 2 < CT M ||U|| X 1/2, S1 , S2 |H| X 1/2, 31 , 32 

for some e > such that e << 5. □ 

Proof. We proceed by duality. It is equivalent to show that for 5 > 
small enough and e << 5 for all w G X l / 2 ^ s ^ Sl+2S ~ e ~ S2 , 

(5.2) \(d x (uv),w)\ < CT^[\\u\\ x l / 2,s 1 ,s 2 \\v\\ x l/2,s 1 ,s 2 ]\\w\\ x l/2-5,- ai+ 2S- i ,-s 2 
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Let /, g and h respectively defined by 

(5.3) f(r, v) = (i(r - P{y)) + £ 2 ) 1/2 <0 Sl {^u{r, v), 

(5.4) g(r, u) = (i(r - P(u)) + e 2 ) 1/2 (0 Sl (vY 2 v(t, „), 

(5.5) v) = (*(t - P(i/)) + ^ 2 }- 1 / 2+5 (0- Sl+25 - e (r]}- S2 w{r, v). 
It is clear that 

|MlxV2,n,S2 = ll/lli?^) IMIxVa,"!,^ = H^IIZ,^) ||-w|| X -l/2+«,-a 1+ 25- e ,- fl2 = \\h\\ L 2^ 

Thus by Plancherel Theorem. 1)5.2(1 is equivalent 



/ 



{ia + £2)1/2-^ + £2)l/2 (i(j2 + £ _ 6)2) l/2 (e _ ( 6)S1 
X ; ; ; d,T(lTl dvdv\ 

(v-m) S2 (m) S2 

(5.6) <CT^\\u\yj\v\\ L w \\ Lix 

Moreover, we can assume that s 2 = since in the case S2 > we have 

(n) S2 

(5.7) -, w / . . < C, VT7, m G m. 

Therefore, setting s = — si G [0, 1/2 — 8(5], it is enough to estimate, 

l^( T i,^i)||ff(T -ri,i/- vi)\\h(r, v)\ 



I 



(5.8) x ^\ X2S-e drdndvdvx 



(ia + e 2 } 1 / 2 -^^! + e 2 ) 1/2 (^2 + (£ " 6) 2 > 1/2 

(0 s 

To estimate I we will use a algebric relation between a, a\ and o^'- 

(5-9) cn + o-2-^ = 3^i(C-6) + -^77 — r~r 

see (2]), which ensures that 

(5.10) max(H,K|,|a 2 |) > l^+^-^l > 

A symmetry argument shows that it is enough to estimate the contribution 
to I of the subset of M 6 , O = { (r, n , i/, i>i ) G K 6 : |cri| > |cr 2 |}. To do this we 
split fHn f2 = Oi U fi 2 where 

fil = nn{(r ) Ti,i/,n) £K 6 : |£| < C , C » 1}, 

n 2 = n n {(r, n , i/, ^) g M 6 : |£| > C , C » 1}, 
Case 1 : Contribution of f2i to I. We divide f2i in three region: 

n\ = n 1 n{(r, Tl ,u,u 1 ) e» 6 : |ai < 2C }, 

nj = Oi n{(r,ri,i/,i/i) G M 6 : |a| > |<ti|, > 2C }, 
fif = Oin{(T,ri,z/,i/i) G M 6 : |(7i| > H,|Ci| > 2C7 }. 
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It is clear that O x = 0} U Of, U Of. 

Case 1.1 : Contribution of Oj to I. Denote by l\ the contribution of this 
region to I. In this case we have |£ — £i| < |£| + |£i| < C and we see that 



(0* 



< c 



and hence, 



1 - h* <«7 + ^ 2 ) 1 /2-«(i < 7 1 +^)V2(i <72 + ^-^)2)l/2 

<r r ( M 7 " 1 ' ^i)Hg( T -n,v- vi)\\h(T, v)\ 

Now, we can apply Lemma B31 to deduce 

ji < CT^IIull^ |H| L 2 ||u7|| L 2 

Case 1.2 : Contribution of Of to /. Denote by l\ the contribution of 
this region to I. Since we have, In this case, |£| < l/2|£i|, it follows that 
161 ~ Therefore 

^ 8+2S _ e 61 Kl • 

Moreover, since |<r| = max(|<r|, |<ti|, |cr 2 1 ) , by the relation between a, o\ and 
cr 2 in JESl it results that |<r| > - 61- Therefore 

icrr>iei s i6iie-eii>ic-eii 2 iei s 

and hence, 

if < c [ ~ T1 ' " 7 

1 - y M 6 ( i(T +o i/2 - 5 (^i+Ci 2 > i/2 (^2 + (e-a) 2 ) i/2 

- c / / \in-s-5, m/2/ \i/2 drdndvdv!, 

since s G [0, 1/2 — 85] , we see that (1/2 - s - 5) + 1/2 + 1/2 > 1 + 88, therefore 
a use of Lemma provides a good bound for l\. 

Case 1.3 : Contribution of Of to I. We denote by if the contribution 
of this region to /. In this case \a\\ dominates and |£i| ~ |£ — £i|. Because 
of 1)5.9(1 , we obtain 

t \2s\t\s ^ I \s 
^ s+2S -e <C|£-£l| Kl < • 

As in case 1.2, we obtain by the Lemma that 

< c^H/H^iMi^iifcii^. 

Case 2 : Contribution of O2 to I, We divide O2 into three subdomain 2 , 
i = 1, 2, 3 such that 2 = 2 U 2 U Of, where 

0* = 2 n {(r,n, i/, 1/1) G M 6 : min(|6|, < 1}, 
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ni = n 2 n{(T,Ti,i/,^) 6 K 6 : |ff| > |ffi|,min(|6|,|6|) > i}, 

nl = n 2 n{(r,r lj i/,v 1 ) 6l 6 : |<n I > H,mm(|ei|,|6l) > !}• 

Case 2.1 : Contribution de I in f^- We denote by l\ the contribution of 
this region to I. By symmetry we can assume that min(|£i|, |£ — 61) = |6| 
and thus |f - £l| < 1 + |f | < (1 + C )|£| , therefore |f | ~ |£ ~ & l . It follows 

m-Zl) S (Zl) S < r i,|l-M-M 

Since {ia + i 2 ) 1 ' 2 ' 5 > \t\ l ~ 2 \ (^2 + {t - 6) 2 > 1/2 > (^) 1/2 -^ - 6| £ and 
16 1 < lj it results that 

< c / l " (ri ^ i)l ^ ( i;j i 'rj/; )ll " (r ^ )l ^r 1 ^ 1 

" As <CT! > I/ 2 1 | 4<5 <CT2> i/ 2 — 5 

Now a use of Lemma fOl provides a bound for l\. 

Case 2.2 : Contribution of £l\ to /. In this case we need to divide 0| in 
two regions defined by, 

Qf = Q|n{(T,T 1 , v,v x ) € R 6 : mindexl, |6I) < 7^l£|}, 

n 22 = o 2 , n {(Tj Tlj I/j ^ G M e . min( | ei | ; > i_|^| }> 

Case 2.21: Contribution of £l 21 to I. We denote by I 21 the contribution of 
this region to /. By symmetry argument we can assume that |6| < |£ — 61 j 
It follows lei < (Co » 1). Therefore |£ - 61 < |£| + |£ ~ 1| < C|£| 

and |e| < |6| + |e - 61 < + le - 61 i.e. |£| < " 61 and thus 

l£ - 61 ~ If I- It results that 

and hence 

2 " (ia + 1/2 - 5 ("l+fi) I/2 (i<'2 + K-6) 2 ) 1 ^ i l«-ftl el 

Since in this case |cr| dominates, we obtain 

(ia+zy/*- s > (a) 1 / 2 - 5 > iei 1/2 - 5 i6i 1/2 - 5 ie-6i 1/2 ~ 5 > \^- 2S \^\ 1/2 - s 

therefore, 

T 2i ^ r f l^(n,^i)||g(T-ri,i/-^i)||/t(r, v)\ 

It is clear that 1/2 — 5 — s > A5 for s £ [0, 1/2 — 85]. Now we can apply 
Lemma POl to estimate I 21 . 

Case 2.22 : Contribution of to I. We denote by I 22 the contribution 
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of this region to I. In this case, we notice that |£| < |6| and |£| < |£ — 61 > 
it results that: 



l-2S-s+e 2 



and hence 



If < C [ IMn^i)||g(r ~ ^)Wh{r^)\ 
~ k« ( (T )i/2- i =to_^ (Ti)1/2 ^ 2)1/2 

since s £ [0,1/2 - 85] we see, for e << 5, that 1/2 - 1 - 2S +^~ S - 5 = 
1 ~ 2s+ ^ 5 ~ 2t > 25, therefore we can apply Lemma to estimate if 2 . 

Case 2.3 : Contribution of to I. We divide ft^ in two parts: 

ft! 1 =n|n{(T,Ti, £K 6 :min(|6|,|6l) < T^lel}, 

Of = ^fl {(r,n, i/, i/O G M 6 : min(|a|, |6|) > 

Case 2.31 : Contribution of ft;] 1 to I. Because there is no symmetry between 
|6 | and |£ — 61 we distinguish between two regions of ft^ 1 : 

Of 1 =nfn{(r,n,u,u 1 ) £l 6 :min(|6|,|6l) = 161}, 

f2i 12 = Jli 1 n {(t,t 1s i/, i^) et 6 : min(|6|, N) = l£-6|}, 

Case 2.311 : Contribution of ftf 11 to I. We denote by if 11 the contribution 
of this region to I. In this case we have |6| < an( ^ thus l£ — 61 ~ 

Therefore 

iei(e-6) s (6) s <r |,|i-2 5+e|l , 

fcy+2S-e - G ^ 1161 

<c |e-6l 1 - 2<5+£ H6l s 

it results that 

Since |<7i| dominates , we see that 

<«t 1 + 6 2 ) 1/2 > (ai^iaYl 2 ^) 1 ' 2 ^ 

> (cj) e/2 (cri) <5_e/2 |^| 1/2 " <5+e/2 |6| 1/2_<5+e/2 |C - 6| 1/2 " a+€/2 

> (a) e / 2 (^i) 5 -^-6l 1 - 25+e l6l 1/2 - 5 

therefore 



22 B ASSAM KOJOK 



Since 1/2 — 5 — s > S / 2 , it follows by virtue of Lemma 14. 2( for e << <5, that 
I^< C [ 1/1)1 '^ (r ~ Tl ' y ~ ^fe 17)1 drdn^ 



R6 ^1/2-5+6/2^5-6/2^1^^1/2 



< cr"||/|| L? JIsIIl? JWIl? 



£ ,,r 



Case 2.312 : Contribution of Qf 12 to ^ We denote by if 12 tne contribution 
of this region to I. In this case we have |£ — £i| < an d thus |£i| ~ |£|. 

It results that 



( 5 - n ) — (gp 2 ^ — - ™ 



Since |o"i| dominates in this case , for e < 5 we obtain 

<^i + £ 2 > 1/2 > <^i + £i 2 »i> 1/2 - 5 

> i^r^i) 5 - e/2 ier /2 - 5 icii l/2 -^-ai l/2 - 5 

> ((Tl) W2| e _ 6 |l/2-^|l-25 + 6 

and since |<7i| > |cj|, it results, for s £ [0, 1/2 — 85] and e < 5, that 

(5.12) <i<x 1+ e 2 > 1/2 > W) S - e ^-Ci\ 1/2 -V- 2S+e . 

By combining 1)5. and (|5.12|l . we can deduce that 

If 2 < C f = T \\l - V 0$^ drdndvdu 1 



((7 )l/2-6| e _^|l/2- S -5 (CT2 )l/2 

< C7 / fe^lf^ Tl ' V)l drdndvdvL 

Now Lemma PP1 provides a bound for if 12 - 

Case 2.33 : Contribution of fi 3 , 3 to I. We indicate by if 3 the contribution 
of this region to I. In this case \a\\ dominates and we have |£ — £i| > 
|6| > • Hence 



\m-Ci) s (Ci) 



(0 



s+26-e 



< c\z\ 1 -* s+ '-\z 1 \'\s-z 1 \' 

, , l-2<5+e-s , , 1-26+e-s , , l-2S+e-s 

< C7iei — 5 — leii — 5 — ie — €ii — 5 — 



1-2<S+ 



< <<Tl) 5 



it follows 



if < C f IMn^Oll^r-n .- .OIIMr,,)! 

" h* ( CT )l/2-5 ((Jl) l/2-i-^ ((j2) l/2 

it is clear that, for e << S, 1/2 - = i-2s+4<5-26 > 3(5 therefore we 

can apply Lemma 1431 to estimate if 3 . 

This completes the proof of theorem 1. □ 
Actually, we will mainly use the following version, which is a direct conse- 
quence of Proposition 15.1) together with the two triangle inequality 

(5.i3) v*i>4 {o si < (o s H^) sl ~ si + (O s H^-^) sl ~ s K 
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(5.14) ( V ) S2 < ( Vl ) S2 + ( V - m ) S2 

Proposition 5.2. Let si g] — 1/2,0], s 2 > . For all si > si and u, 

v G x l l 2,Sl,S2 whith compact support in time and included in the subset 
{(t,x,y) : t G [— T, T]}, there exists \i > such that the following bilinear 
estimate holds 

I \dx(uv)\\ X -l/2+S, n -2S+e, S2 < CT^ (j |u| 1^-1/2,4,0 I M I* 1 / 2 - 3 ! > s 2 

+ll u lljs: 1 /2, =2 IMIxi/2,4,0 + Ikllx 1 / 2 - 8 !. 1 lxV2.4. *2 

(5.15) +|| 

this for some 5 > small enough and e > s«c/i that e « 5. □ 

6. Proof of Theorem 12.11 

6.1. Exitence result. Let <j> G H Sl > S2 with si > -1/2, s 2 > and sj G 
] — 1/2, min(0, si)]. We suppose that T < 1, if u is a solution of the integral 
equation u = -L(it) with 

(6.1) L(u) = m \w(t)tf> - f W(t - t')d x ^ 2 T (t')u 2 (t'))dt' 

1 1 Jo 

then u solve KPB — II- equation on [0,T/2].We introduce the Bourgain 
spaces defined by 

(6.2) Z\ = {u G x l l 2 > sl > S2 ] \\u\\z 1 = \\u\\ x i/2,s 1 fi + 7i|kHxi/ 2 .n>s 2 } ; 

(6.3) Z 2 = {u G X 1/2 ' Sl '°;\\u\\z 2 = |M| x i /2 ,4,o + 72 1 \u\ lxi/2, n ,o}, 
where 



(6.4) 7i = S^> ^ = Sr^ 



The goal to introduce two Bourgain spaces is to show in a first time that 
there exists T\ = T(\\4>\\ HSl ,o) and a solution u of the equation (|6.ip in a 
ball of Zi, and then to solve (|6.ip in Z 2 in order to check that the time of 
existence T = T(| |0| \ H „i fi ) with si G] - 1/2,0]. 

Step 1. Resolution of Ij6.1|l in Z\. By Proposition 13.21 and Proposition 13. 4| 
it results that, 

(6.5) ||L(n)|| x i/ 2 , sl ,o < C||0|| Hn ,o + C\\d x (ipT(t)u 2 )\\ x -i/2+s,s 1 -25+ t ,o, 



(6.6) \\L(U)\\ X 1/2, S1 ,S 2 < C'l 1011^-1.-2 + C\\d x (ljjT(t)u 2 )\\ x ~l/2+5,s 1 -2S+e,s 2 . 

By the proposition 15.11 and 15.21 we can deduce 

(6.7) ||L(n)|| xl/2 , sl ,o < C||^|| Hsl ,o + CT^ T {t)u\\ 2 xl/w , 

(6.8) 

\\L(U)\\ X 1/2, S1: S 2 < C| |</>! 1^-1,-2 + CT^\\^ T {t)u\\ x l/2,s 1 fi\\4>T{t)u\\ x l/2,s 1 ,s 2 , 
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By Leibniz rule for fractional derivative and Sobolev inequalities in time we 
have, for all e > and < T < 1, that 

\\4>T{t)u\\ x l/2,s 1 ,s 2 < C t T~ e \\u\\ x l/2,s 1 ,s 2 . 

Taking e = u/4 we obtain, 

(6.9) \\L(u)\\ xl/2 , sl , < CMl^o +CT^ 2 ||u||^ 1/2 , sl , , 

(6.10) \\L(u)\\ xl/2 , SUS2 < C||0||^2 + CT^ 2 \\ 

By combining two estimates (|6.9p and l|6.10ft we obtain 

(6.11) \\L(u)\\ Zl < C(\\<f>\\ Hn ,o + 7i||0||h^ 2 ) + CT^ 2 ||u||| 1 , 
Since d x {u 2 ) — d(v 2 ) = d x [(u — v )(u + v)], in the same way we get 

(6.12) \\L(u) - L(v)\\ < CT^ 2 \\u - u|| x i/2, 81 ,o||« + V\\ X 1/2, S1 ,0, 

\\L(u) - L(v)\\ x y 2 , n , S2 < CT»/ 2 (\\ 

(6.13) + \\u + v || x i/2, sl ,o||n — u|| x i/2, n , S2 ^ , 
it results that 

(6.14) \\L(u)-L{v)\\ Zl <CT^ 2 \\ u — v Hzill^ + V ||zi- 

Hence, setting T x = (4C 2 (| |0| |^ sl ,o + 7i||0||H>i.s 2 ))~ 2/At which yields by defi- 
nition of 71 toTi = (SC^W^fiY 2 ^ we deduce from (|6~Tl"1) and ffHTT^ that 
L is strictly contractive on the ball of radius 77 = 2c(| |0| \ Hsl ,o +7i| |0| \h s i< s 2 ) 
in Z\. This proves the existence of a unique solution u\ to H6.1|) in X l / 2,Sl,S2 
with Ti = T[\\4>\\ H s lfi ). 

Since G H Sl ' S2 , it follows that ^(.)W(.)0 G C([0, Ti], H Sl < S2 ), moreover 
since u\ G X 1//2,Sl ' S2 , we can deduce from Proposition 15.11 that d x (u 2 ) G 
X T l l 2+& ' Sl 2S ' S2 and from (|3.38|) in Proposition 13.51 it results that 

1 W{t — t')d x {u\(t'))dt' G C([0,Ti], H Sl,S2 ). 







Thus ui belongs C([0, Ti], /T Sl > S2 ). 

Step 2. Resolution of H6.1|) in Z2. Now proceeding exactly in the same way 
as above but in Z 2 , we obtain that L is also strictly contractive on the ball 
of radius 77 = 20(11011^1,0+7211011^,0) in Z 2 with T 2 = (4C 2 (| |0| |^i, + 

72 1 1 1 1 hi .0 ) ) ~ 1/fl ■ Therefore by definition of 72 , it follows that T 2 = T( \ | 1 1 H „i fi ) . 
Since obviously H Sl ' S2 C H S1 '°, it follows that there exists a unique solution 
ui to |E3l in C([0,T 2 ], Fi.°)n4 /2 ' S1 '° and T 2 = T(||0|| ff4>o ), s\ G]-l/2,0]. 
If we indicate by T* = T ma:E the maximum time of the existence in Z\ 
then By uniqueness, we have u\ = u 2 on [0, min(T2, T*)[ and this gives that 
T. >T(||0|| h4 , o ). ' 

The continuity of map 1 — ► u from H S1 ' S2 to X 1 I 2,S1,S2 follows from classical 
argument, while the continuity from H S1,S2 to C([0, Ti], H Sl,S2 ) follows again 
from Proposition l.3.51 The analyticity of the flow-map is a direct consequence 
of the implicit function theorem. □ 
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6.2. Uniqueness. The above contraction argument gives the uniqueness of 
the solution to the truncated integral equation l|6.ip . We give here the argu- 
ment of to deduce easily the uniqueness of the solution to the integral 
equation l)2.14|l . 

Let ui, u% € X^/ 2 ' Sl ' S2 be two solution of the integral equation lj2.14|) on the 
time interval [0, T] and let u\ — v,2 be an extension of u\ — u<i in X l l 2,Sl,S2 
such that 



1^1 — lx 1 / 2 . s l. s 2 — 2||ltl — 14211^.1/2,8!, 



■"2 



with < 7 < T/2. It results by Proposition 13.21 and 13.41 that. 

11^1 — ^ Li/2,»i,»a 

< c\\d x (rf(t)(Mt) - Mt)){Mt) + Mt)))\ 

for some \i > 0. Hence 

|kl-M2|Ll/2, Sl ,s 2 < 2C7 M/2 ( ||ui|| 1/2, S1 , S2 +||U 2 || V 1/2, S1 



IX _1 / 2 + l5 ' s l -2i5+e,s 2 



\- ' -''M.'^2 — ; 1 I ' ' I I y ! ~ ■ ' I. - ""2 ' I ' ' - I ! \' - ~ ■ 'M. ■ /ll^l | vV 2 ' s l> s 2 ■ 

jA.'y \^ ^ V rj-i -/\ rj-i J -/\- ^ 

Taking 7 < ( 4C(||wi(t)|| x i/ 2 , sl , S2 + ||w 2 (t)|| x i/2, Sl , 32 ) J , this forces ui = 

U2 on [0,7]. Iterating this argument, one extends the uniqueness result on 
the whole time interval [0,T]. □ 

6.3. Global existence. 

By Proposition O^fa 2 ) € x~ l l 2+& > Sl+e - 2S > S2 , therefore by Proposition COD 
we obtain that 

f W(t - t')d x (u 2 {t'))dt' e C7([0, T], H Sl+e ' S2 ). 
Jo 

Note that W (.)</> € C(M+; H Sl ' S2 ) n C(R* + ; H°°' S2 ). Hence 

u £ C([0, T]; # Sl ' S2 ) n C(]0, T]; H Sl+t ' S2 ). 

Recalling that T = T(\ | 1 ) with G] — 1/2, min(0, si)] and using the 
uniqueness result, we deduce by induction that u £ C(]0, T]; H°° ,S2 ). This 
allows us to take the L 2 -scalar product of (jl.ip with u, which shows that 
t 1 — ► ||it(t)|| L 2 is nonincreasing on ]0, T]. Since the time of local existence 
T only depends on ||</>|| 1 , this clearly gives that the solution is global in 
time. □ 



7. ILL- POSSEDNESS RESULTS FOR THE KPB-II EQUATION 

In this section, we prove the ill- posedness result for the KPB-II equation 
stated in Theorem 12.21 We start by constructing a sequence of initial data 
(^n)n which will ensure the non regularity of the map (p 1 — ► u from H s '° to 
C([0,T},H s >°) for s < -1/2. 
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7.1. Proof of Theorem 12. 2L Let u be a solution of 111. Ill . Then we have 

1 f* 

(7.1) u{<t>, t, x, y) = W(t)<f>(x, y) - - / Wit- t')d x (u 2 {<t>, t',x, y))dt', 

1 Jo 

suppose that the map is C 2 . Since u(0,t,x,y) = it is easy to check that 

du 

ui(t,x,y) =: — (0,t,x,y)[h] = w(t)h 

(fill 

u 2 (t,x,y) := Q-p(0,t,x,y)[h,h] 

(7.2) - [ W(t-t') Ul (t',x,y)d x ( Ul (t',x,y))dt' 

t 

W(t-t')d x (W(t')h) 2 dt'. 



o 



o 



Due to the assumption of C 2 -regularity of the map and since that u(0, t, x, y) 
0, we can write a formal Taylor expansion 

(7.3) u(h,t,x,y) = ui(t,x,y)[h] + u 2 (t, x,y)[h, h) + O{\\h\\ 2 Hs , ), 



and we must have 

(7.4) ||ui(t,.,.)||H..o < \\h\\ H s fi , \\u 2 {t,.,.)\\ H s,o 
Taking the partial Fourier transform with respect to (x,y), it results that 



< Uh\\ 2 H«°- 



rt 

F x ^,y» v (u 2 (t,.,.)) = I exp[-\t-t'\f)eMi(t-t')(f-r] 2 /0} 



o 



(7.5) x (if) x 

Note that 



dt' 



F X i—>p 

= F x ^^ y ^ v (w(t')cpj * F X ^^ V (w(i/)(p\ 

= [ kS-ti,v-m)kti,vi)exp(-{Si + (£-Si) 2 )t 

(7-6) x exp " | + - 6) 2 - { -^^))d^d m . 

Now let P(£,rj) = f 3 - rf/^. Hence 

(«2(*,.,0) 

Jm? Jo 
(7.7) X /K fll )+PK-^^ 1 )-Pg fl )) tf(la(| , )li 
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Let x(£,£i>f7,m) = P(£,i,Vi) + P(t-£i,V-Vi)- p (t,v)- A simple calulation 
show that 

x(Ui,ri,m) = m (£ - Ci ) + tttPtt • 

therefore we can deduce that 

., o) = wk*^^ / <Ha, m)<K£ - a, - m) 

(7.8) 



e -*tt?+K-6) 2 ) e i*xK,ft,»j,»n) _ e -r* 

X zrz—rz z — ; : — tt—. ; d^\dr\\ 



it follows that 

|2 



ll«2(t)||W 



-%i(S-Si)+ix(S,Si,ri,m) 



(n 2 (t,.,.)(C^))r^ 



(7.9) 



-*K?+tt-Ci) 2 ) P itx(«i,»j,»ji) 



d^dr/. 



-26 -6) + «x(£,£i,»7,?7i) 
We chose now a real sequence of initial data (4>n)n, N > 0, defined through 
its Fourier transform by 

(7.10) <M£,r?) = Af- 3 / 2 --( XDiiv + XD2iv ) 

where N is a positive parameter such that N >> 1, and Di,Ar, I?2,jv are the 
rectangles in M 2 defined by 

D ltN = [N/2, N] x [-6N 2 , 6N% D 2 , N = [N, 2N] x [V3N 2 , (y/3 + 1)N 2 ]. 

It is simple to see that ||<^jv|l.ff s ' ~ 1. Let us denote by U2,n the sequence 
of the second iteration u 2 associated with 4>N- Setting 



« 2 t 



-26(e-6) + «x(e,ei,^,m) 



11^2,^(0 1 llfs.o can be split into three parts : 



ll«2 >J v(t)||^.0=C(|/i(t)| + |/ 2 (t)| + |/ 3 (t)|) 



where 
l/iW| 1/2 



= CAT 



-3-2s 



2\s 



\tni + \zn 



i/ 2 wi 1/2 



^-3- 2 J /" |e| 2 (1 + |e| 2 r 

/ 



1/2 



d^drj 



1/2 



3- 2s 



iei a (i+Ki 2 ) - 



L JM 2 



Jkfcn) 



d£drj 



n i/2 
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where 

k(£,v) = {(6,m) : (£ - £i,v - vi) e d i,n, (€i,m) e d 2 ,n} 

u{(£i,77i) : (£i,m) G £>l,iV,(£-£l,r?-r/l) G #2,iv} 
(7.11) := fc^.^UA: 2 ^). 

Therefore, obviously 

IKatWH^o >C|/ 3 |. 

Since we can write £ = £1 + (£ — £1), it follows that 

\\u2(t)\\ 2 H s,o > cn-* s - 6 / iei 2 (i + iei 2 r 

J3N/2 J(y/3~6)N 2 



(7.12) 



'3JV/2 J(V3-6)N 2 

e -*(fi+(e-6) 2 ) e *txK,ei,»?.»7i) _ e - 



,<■(<.,,) -2£i(£ - 6) + ix(£,£i,v,vi) d ^ ldm 



We need to find a lower bound for the right-hand side of lj7.12|) . Thus it is 
necessary to evaluate the contribution of the function %(£, £1, 77, 771) in &(£, 77). 
This in the aim of the following lemma which is inspired by |12j . 

Lemma 7.1. Let (£1,771) G k 1 ^, 1 /]) or (£1,771) G /c 2 (£,t/). For iV >> 1 u»e 

|x(£, £i,r7,7?i)| <iV 3 . 

□ 

Proof of lemma [7.1L By definition of the fonction %(£, £1, 77, 771) we can 
write 

(7.13) |x(£,£i, 77 , 77i)| < |xi(£,£i,^i)| + |6££i(£-£i)|, 

where 

xi (£, £1 , v, m ) = 3££i (£ - £x) - ■ 

££i(£ - £1) 

Now let (£1,771) G k 1 ^,!]) i.e. (£ -£1,77- 771) G D^jv and (£1,771) G D 2) iv- 
Let £ G M such that (£ - £1) G [N/2,N] and we fix (£1,771) G D 2 ,n- we will 
seek a 77*(£, £1,771) such that Xi(£,£i,?7*(£,£i,»7i) ! 7 7i) = and |?7*(£, £1, Vi) ~ 
771 1 < 6iV 2 . Indeed, we choose 

* r , , , , (£-£i)fa- V3££i) 

77 (£,£l,^l) = m + T • 

£l 

And thus 

|f7*(£,£i,r?i)-77i| < ^p-\vi-V3^- V3£i(£-£i)| 

l£i| 

We recall that 771 G [s/3N 2 , + l)iV 2 ] and £1 G LV,2iV]. Therefore It 
follows that _ 

\/3£i G [^iV 2 ,^^ 2 ] 

and, we have 

I771 - v^iV 2 ! < 3^3iV 2 . 
Since |£i| < 2N and |£ - £i| > N/2, it results that 

h*(£,£i,77i)-77i| < l/4f3V3iV 2 + 2v / 3iV 2 ) < 6iV 2 . 
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Now by the mean value theorem we can write 
where fj G [77, 77* ^1, J71)]. Therefore 

\xi(.£,,ti,v,vi)\ = \v-v*((,Ci,vi)\ 



2£i(r?£i -mO 



Since \rj - »7*(£, £1,771 )| < \v ~ Vi\ + \vi ~ ??*(£, £1, ??i)| < CN 2 , it follows 
that 



\xi(€,filiV,Vl)\ 



< 



l£ilh-77*(£,£i,?7i)| 



(?? - ?7i)£i -»7l(£- £1) 



££i(£-£i) 



< iV 3 



l(??-m)£il , M£-£i 



+ 



l££x(£-£i)l l££i(£-£i 



1 ^ +c iv^ 



< AT3, 

< ^v 3 

by the relation of lj7.13|) it results that 

|x(£,£i,^i)| <CiV 3 + 6|e||£i||£-£i|, 
since one has |£| ~ |£i| ~ |£ — £i| ~ A 7 ", it follows that 

\x{Ui,v,m)\ <cn 3 . 

Now, in the other case where (£1,171) G & 2 (£,?/) i.e. (£1,171) G Di,jv and 
(£ ~~ £i)?? — ^1) ^ ^2 t N, follows from first case since we can write (£1,771) = 
(£-(£- £1), V ~ (V ~ m)) G D 1,N and that 

xi(€,£i,v,vi) = xi(£,£ - Ci,v,v- m)- 

This completes the proof of the Lemma. □ 
Let us now end the proof of Theorem 12.21 Note that for any £ G [3N/2, 3N] 
and [(V3- 6)iV 2 ,( v / 3 + 7)iV 2 ], we have mes(.ft:(£, 77)) > CW 3 . We recall 
that we have 



\u 2 ,N(t)\\ 2 H s,o > CN 



(7.14) 



-4s-6 



3Ar /-(V3+7)Ar 2 



2\s 



3JV/2 J(V3-6)7V 2 



i£r(i + i£r) 



ik(t, v ) -2£i(£-£i)+*X(£>£i,»7>»7i) 
Now, we choose a sequence of times (tjv)jv defined by 



d£xdr)i 



d^drj. 



tjN 



1 



_/V 3 + £ o 



< e << 1 (fixed). 



For iV >> 1 it is clear 



(7.15) 
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Moreover, by Lemma l7~T| it follows that | — 2£i(£ — £1) + itx(£, ^ltViVi)] — 

jV 2 + N3 < £^3 _ Hence 



-26(5-6)+^x(5,ei,»?,m)) 



1 



|tiv| + 0(|iiv| 2 iV 3 ) 

1 + o(- 1 



By combining the relations (|7. 15|l . (|7.16p , we obtain 



) 



1 



(7.17) 



> Cmes (*;(£, 77)) 



1 



_/V 3+e o 



> CN- 



By virtue of 1|7.14|) , it results that 



\u2, N {t N )\\ 2 HS , > CN 



-4s- 



37V / -(v / 3+7)Af 2 



3JV/2 -/(v^^/V 2 

> C N~ 6 ~ 4s N 2s N 2 N 3 N~ 2e ° 

> CN^ 1 ^ 2e °~ 2s 



-2e 



and, hence 



1 



> \ \u2,N(t N )\\ 2 HS , > N 



-l-2e -2s 



This leads to a contradiction for N » 1, since we have —1 — 2eo — 2s > 
for s < — 1/2 + eo- This completes the proof of Theorem 12,21 □ 

Acknowledgments. I would like to thank Luc Molinet for his encourage- 
ment, advice, help and for the rigorous attention to this paper. 
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